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Abstract

It is well-known that connectivity is closely related to diagnosability. If the relationships be-

tween them can be established, many kinds of diagnosability will be determined directly. So far,

some notable relationships between connectivity and diagnosability had been revealed. This paper in-

tends to find out the relationship between extra connectivity and t/k-diagnosability under the PMC

(Preparata, Metze, and Chien) model. Then, applying this relationship, the i/k-diagnosability of

bijective connection ( BC) networks are determined conveniently.
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0 Introduction

Connectivity and diagnosability are generally con-
sidered as two important indicators that are used to
evaluate the reliability of multiprocessor computer sys-
tems. They are also considered as two closely related
parameters. So far, some important results had been
achieved in the study of connectivity and diagnosabili-
ty. But there are still some outstanding diagnosability
measurement problems, especially for interconnection
networks with insufficient regularity and symmetry.

Research shows that the various diagnosability of
the interconnection network will increase with the im-
provement of the relevant connectivity, and show an
obvious linear relationship. If it can be found out the
relationship between diagnosability and related connec-
tivity, it can be greatly simplified the measurement
process of diagnosabilities and quickly calculate various
diagnosabilites of a series of interconnection networks.
Therefore, it is a very important and valuable scientific
issue to study the relationship between connectivity and
diagnosability.

1 Preliminaries
In general, a multiprocessor system can be mod-

eled by G(V,E) , where V(G) and E(G) are the node
set and the edge set, respectively. Letx € V(G) and

A,B C V(G), N(x) is the set of all the neighbors of
x, N(A) = UqN(a) -~ Aand Ny(A) = N(A) N B.

The connectivity £( G) of G is an important measure for
fault tolerance of G. However, connectivity underes-
timates the resilience of large networks'''. To compen-
sate for this shortcoming, many kinds of connectivity are
introduced, such as conditional connectivity'?' | restrict-
ed connectivitym , super connectivitym , extra connec-
tivity>', et al. Among them, g-extra connectivity of G,
written as k,(G) , is the minimum size over all the g-ex-
tra cuts of G. Any subset F C V(G) is a g-extra cut of G
if G — F is disconnected and each component of G — F
has size at least g + 1. Clearly, £,(G) = k(G).

In the operation of multiprocessor systems, identi-
fying faulty processors is an important problem. In the
process of identifying faulty processors, a fault diagno-
sis model and a diagnosis strategy are indispensible. At
present, one of the widely adopted fault diagnosis mod-
el is PMC ( Preparata, Meize, and Chien) model ®’.
Under the PMC model, each pair of adjacent nodes can
be allowed to test each other. If the tester is fault-free

(faulty) , its outcomes are correct( unreliable, respec-

0 !
tively). For any edge (u,v) € E(G), u—v(u—v)

represents the outcome of test u — v is fault-free (fault-
00 0
y, respectively). In addition, u<>v represents u — v

0
and v —u. A collection of all the test results is called a
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syndrome o. Ref.[7] introduced the t/k-diagnosis
strategy , which requires that when the number of fault
nodes does not exceed ¢, all fault nodes can be isolated
in a set of node and at most k& nodes might be misdiag-
nosed. The t/k-diagnosability of G, is the maximum of
t such that G is t/k-diagnosable'”’. The t/k-diagnos-
ability of a series of regular networks under PMC model

8-15]

is determined’ . It is well-known that the constraints

of t/k-diagnosability and k-extra connectivity are basi-
cally the same. Therefore, Refs[11] and [12] be-
lieve that it is an interesting direction to analyze the re-
lationship between extra connectivity and t/k-diagnos-
ability. In this paper, the relationship between g-extra
connectivity and ¢/k-diagnosability under the PMC
model are revealed.

2  o-0-test subgraph

Under the PMC model, given a graph G and a
syndrome o, each connected subgraphs or isolated
points is called a -0 -test subgraph of G by removing
all those edges whose outcomes are ‘1’1", The set of
all the o -O-test subgraph of G is denoted by T, (G) .
Then, V(T,(G)) =V(G) and E(T,(G)) = {(u,v)

00
€ E(G) ,ucv} (see Fig.1).
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Fig.1 The illustration of o-0-test subgraph

Given a syndrome o , for any o -O-test subgraph S
e T (G), all the nodes in S have the same status

(fault-free or faulty). Then, under the PMC model,
the following properties are shown as follows.

Property 1 Given a syndrome o , let F be a
fault set of G. Then any component C of G-F is a o -0-
test subgraph of G and each node in C is fault-free.

Property 2 Given a syndrome o , let F be a
fault set of G. Then F will be divided into one or sev-
eral o -0-test subgraphs of G.

3 The relationship between extra connec-
tivity and t¢/k-diagnosability under the
PMC model

Let X, be an n-dimensional interconnection net-
work and X, can be divided into to copies of X, |, writ-
ten as L and R. Then, the following four conditions will
be used in the rest of this paper.

(1) Let S C V(R) (or S C V(L) ) with| S| =
g=1,1 N (S) 1+ N (S) I =k, (X,) forn =38
andl < g<n-4.

(2) For any positive integers g, g, and g, with g,
g, & =1 lfg =g + g, then kgo—l(Xn—|> +
by (X)) =k, (X,) forn =8andl S g<sn-4

(3) The function f(g) = k,(X,) increases with
increasing g forn = 8 and 1 < g < n - 4.

(4) k. (X,) =k, (X,) +n—-g-4forn=8and
l=sg=n-5.

Theorem 1 TLetS C V(X,) withl S| =g. IfX,
satisfies the conditions (1) and (2), | N(S) | =
k, (X,) forn =8and1l < g<n -4

Proof The proof is by induction on g. If g =1,

| S1=1. Then | N(S) I = k(X,) = k,(X,).
Hence, the theorem is true for g = 1. Assume that
I N(S)| =k, (X)) withl S| =hand2 <h<g-1.

Decompose X, into two copies of X, ,, denoted by
LandR. TetS, = SN V(L) andS, =S N V(R) .
Letl Syl = goand | S, 1 = g, .
Without loss of generality, let| S, 1 <I S, I.

Casel | S,1 =0.

Since| S, 1 =0, 1S, 1 =gandl| N(S) I=
I No(S,) 1+l N.(S,) I. By condition (1), N,(S) | +
IN(S) I =k, (X,). So, | N(S)I =k, (X,).

Case2 | S| =1.

Since | S, 1= 1, | N(S) I =1 N, (S,) |+l
N,(S,) | such that N,(S,) = N(S,) N V(L) and
Np(S,) =N(S,) NV(R) . By the induction hypoth-
esis, | N, (S,) 1=k, (X,,) and | Np(S,) | =
k. (X,.;). By condition (2), I N,/(S) |+
PNR(S) T =k, (X, ) +k, (X, ) =k, (X,).
So, | N(S) 1=k, (X,).

Then g, + g, = &
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The theorem holds.

Theorem 2 If X, (n = 8) satisfies the conditions
(1) =(3),letSCV(X,))and2 <g+1<I|SI<n
—4. Then| N(S) | =k, (X,).

Proof Let| S| = h. By Theorem 1,1 N(S) | =
k,,(X,). By condition (3), k, ,(X,) = k,(X,).
Hence, | N(S) | =k, (X,).

Theorem 3 If X, (n = 8) satisfies the conditions
(1) =(4) and | V(X )| >2k(X,) +g-1,letF C
V(X,) withl FI <k, (X,) -Tandl < g<n/2-3.
If X, — Fis disconnected, X, — F has a largest compo-
nent C, (|1 C,| =g + 1) and the union of the remaining
components has at most g nodes.

Proof Let all the components of X, — F be C,,
C,,--,C, withl C;1 =l C,1 =---=I C,|. Suppose
that! C, 1,1 C, 1,1 C_,1l=g+1landl C, 1|,
I C 1,1 C, I <gforr=1.

Thus, | FI =l N(C.UC,,, U--UC,)I . Sup-
posethatg +1 < C. |+ C,, | +--+| C, | <n-4. By
Theorem 2, | F1 =l N(C, UC.,, U UC)I|=
k,(X,), which contradicts | F'I <k,(X,) - 1. There-
fore, either| C, 1 +1 C,,, | + - +] C, 1 =n -3 or
I C.1 +1 C.., 1+ +l C,|=< g Suppose that| C,
'+l C 1+ +1 C I =n-3.Sincel C.|,1C,1,
el C o 1l<g<sn2-3,(n-4)-(g+1) =n
-g-5=2g+6) —g -5 > g. Therefore, there ex-
ists a union H of some components of C ,C, ., ,---,C, ,
such thatn -4 =| Hl = g + 1 (see Fig.2). By Theo-
rem2, | N(H) | = k,(X,), which contradicts | FI <
k (X,) = 1. Therefore, | C.1 +1 C, ;1 +-++1 C | <

g.

r+l

CiICJ|Ck|'"|C4|
0 g+l n—4

r<i, jok,.,q<m

Fig.2 The illustration of | H |

Since | C 1+l C ., 1 +--+1 C | <gand| F| <
k, (X,) =landl V(X)) 1 >2k(X,) +g-1,1 C,|
H Cyl+- 4+l C_ =l V(X)I-l FI-(IC, 1+
FC T+ 41 C1) >2k,(X,) +g -1~ (k (X))
-1) - g > k,(X,) > 0. Therefore, there exists at
least a component C, of X, — F such that| C, | = g + 1
nodes.

If X, — F has at least two components, where each
component has at least g + 1 nodes. That is| C, |,
I Cyl -, 1 C,_,1=g+1withr =3 . Suppose that
there exists a component C; withn -4 =1 C;1 = g +1
=2and1 <i<r-1. ByTheorem2,| N(C,) | =
k,(X,). Then| FI = N(C,) | =Zk,(X,), which con-

tradicts | FI <k, (X,) 1. Therefore, | C,1,I C,1,---,
I C._, 1 =n-3=g+2, which shows that F U C, U
C.,U--UC, isa(g+1)-extra cut of X, . Thus,
lFUC UC, U--UC | =lFI+lCl1+1C, 1|+
<+l C, 1=k, (X,). By condition (4), k,,,(X,)

=k, (X,) +n—-g-4 Sincel C, 1+ C 1+ -+
I C,l <sgandl S g<sn/2 -3,
FFEL+LC L+ Cyl+ e+l C L=k, (X))
=S|I Flzk, (X)) -0CT+C 1+-+1C,1)
=1 Fl = (k(X,) +n-g-4) -g

=k, (X,) +n-2g-4

=k, (X,) +(2g+6) -2¢g -4

=k, (X,) +2,
which contradicts | FI1 < k,(X,) - 1. So, X, - F has
exactly one component which have at least g + 1 nodes.

Theorem 4 If X, (n = 8) satisfies the conditions
(1) =(4) withl V(X,) | >2k,(X,) +g-Tand1 <
g <n/2 -3, let Fbe a fault set with| F'| <k, (X,) -
1. Then, under any syndrome & produced by F, the
maximal o -O-test subgraph of X is fault-free.

Proof If X, — F is connected, | V(X,) - F| =
FVX) T =l FI =2k, (X,) +g-1-(k(X,)-1)
=k (X,) +g Sincel FI<k(X,)-1,1 X, - FI
>| F1. By Property 1, X, — Fis a the maximal o 0-
test subgraph of X, and each node of X, — F is fault-
free. If X, — F is disconnected, by Theorem 3, X, — F
has a largest component C(| C| = g + 1) and the u-
nion of the remaining components has at most g nodes.
By Property 1, Cis a o -O-test subgraph. Since
LCl =l V(X)) I -l FI-g

> 2k, (X,) +g-1-(k(X,)-1) -g

- k(X))
I C1 >1 F 1. Therefore, by Properties 1 and 2, C is
the maximal o -O-test subgraph and each node of C is
fault-free.

Theorem 5 If X, (n = 8) satisfies the conditions
(1) =(4) withl V(X,) 1 >2k,(X,) +g~1, thenX,
isk,(X,) - 1/g -diagnosable for | < g < n/2 - 3.

Proof Let F be a fault set of X, with | F | <
k,(X,) —1. By Theorem 3, X, — F has a largest com-
ponent C(| C1 = g +1) and the union of the remaining
components has at most g nodes. By Theorem 4, C is
the maximal o -O-test subgraph and every node in C is
fault-free. Therefore, there are | F'| + g nodes undiag-
nosed. Then, all the faulty nodes can be isolated to
within a set of at most | F'| + g nodes.

There are at most g nodes might be misdiagnosed.
Therefore, X, is k, (X,) — 1/g -diagnosable.

4 Application to BC networks

An n-dimensional bijective connection (BC) net-
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work is denoted by B, with| V(B,) | =2". B, can be
divided into two copies of B, ,, written as L and R ,
and there exists a perfect matching between L and R
(see Fig.3). Then B, has the following lemmas.
Lemma 1 * LetS C V(B,) with| S| = gand 1
<g<n+l. Then,IN(S)IB% 2+(n—%)g

+1forn =S5.

Fig.3

The topology of B,

Lemma 2 '’ k,(B,) =n(g+1) —;fg(g +3)

forn =4and1 < g <n -4

Lemma 3 For any three positive integers g, g,
and g, withg, g,, g, =1. lfg = g, +g,, wheren =
Sandl s gs<n-3,thenk, (B, ,) +k, (B,)
>k, (B,).

Proof By Lemma 2,

kgo—l (B,,) + kgrl (B,.,)

= (n - Dy -5 (g~ 1) (g +2)

+ (=1 (g) -5 (g =D (g +2)
=(n-1)(g +8&)
—%<g§+go—2 +g +g —2)

1
=(n-Dg-5(g +g-4) +ag
andk,_,(B,) = ng —%(g ~1)(g +2). Then,
kg‘)—l <Bn—l ) + kg]—l (B/z—l ) - kg—] (Bn)

1
= (n—l)g—g(g2+g—4) + 808

g+ (g = 1) (g +2)

= -8t &g +1

== (g +&) +gg +1

= (g -D(g -1) =0

Therefore, k, (B,.,) +k, (B,.,) =k, (B,).

Lemma 4 Decompose a B,(n = 5) into two
B, ,, written as Land R. LetS C V(R) (orS C V(L)
) with| S| = g=1. Then, | N,(S) |+l N,(S) | =

k, (B, forl <g<n-3.

Proof By Lemma 1, | N,(S) | = %gz + (n -

%)g + 1. By Lemma 2, kgfl(B") = ng - ;*(g _

1)(g +2). Then,
| Ne(S) I+ N(S) | -k, (B,)
=l Ne(S) I +g -k, ,(B,)

1 , 3
= - -
zg +(n 2)g+1+g ng

+;*(g—1)(g+2)

:%2—%g+1+g+%g2+%g—l
=g =0.

Therefore, | No(S) I +1 N, (S) 1=k, (B,).
Lemma 5 Functionf(g) =k, (B,) =n(g+1)

- Lg( g +3) is monotonically increasing with increas-

2
ing g whenn =4 andl < g <n-4.
Proof The derivative of f(g) isf'(g) =n—-g +

%. Sincel <g<n-4, f(g) >0. Therefore, f(g)
is monotonically increasing with increasing g.
Lemma 6 £k, (B,) =k, (B,) +n-g-4, for
n=8andl < g=<n-5.
Proof Since l = gs=n-5,1<g+1<n-4.
By Lemma 2,
keo(B,) =k, (B,) —n+g+4

= n(g+2) -2 (g + (g +4) —n(g+1)

+%g(g+3)—n+g+4=220.

Lemma 7 B, (is k,(B,) - 1)/g-diagnosable,
forn =8 and1 < g < n/2 - 3.
Proof Sincel V(B,)| =2"andk,(B,) =n(g+

1
1) —jg(g+3), I V(B,) | >2k(B,) +g~-1. By

the definition of B, and Lemmas 3 — 6, B, satisfies the
conditions (1) — (4). Therefore, by Theorem 5 , B,
is (k,(B,) —1)/g -diagnosable.

5 Conclusion

In the design and operation of large-scale multi-
processor systems, reliability is a key issue to be con-
sidered. It is well-known that connectivity and diagnos-
ability are two crucial subjects for reliability and fault
tolerability and they are closely related to each other.
This paper establishes a relationship between extra con-
nectivity and ¢/k-diagnosability under the PMC model.
Then, using this relationship, it is proved that B, is
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(k,(B,) —1)/g-diagnosable.
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