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Abstract
The pilotless frame synchronization approach and implementations of LDPC code are the crucial
issue of LDPC decoder. The Maximum-A-Posteriori probability (MAP) decoder has a perfect frame
synchronization error rate ( FSER) performance. In this paper, a theoretical derivation of the FSER

performance of pilotless frame synchronization for LDPC code is presented. The FSER performance

by theoretical analysis coincides well with that by simulation in additive white Gaussian channel and
Rician fading channel. So it is estimated the FSER performance of an LDPC code by theoretical
analysis can be used instead of the simulations which are much more time-consuming.

Key words: pilotless synchronization, LDPC code, Gaussian approximation, rician fading

channel, constraint node, frame synchronization error rate (FSER)

0 Introduction

Frame synchronization is the key technology in
digital communication systems, especially for the coded
information using channel coding. It is very important
for receivers to get the synchronization position before
channel decoding. Conventional methods for frame syn-
chronization are to insert a known pilot word into a
transmitted information stream and the pilot word is
checked at the receiver to get a sync position. The pi-
lot word is a pseudo random sequence, which is highly
auto-correlated and weakly cross-correlated. The pilot
frame synchronization approaches have been investiga-
ted in Refs[ 14 ]. But nowadays, the signal needs to
be synchronized at very low SNRs, which leads to the
need for a longer pilot word, and the longer pilot word
leads to the loss of bandwidth efficiency, yet it is very
hard to improve the bandwidth efficiency by using the
novel channel coding. For instance, the addition of a
78-bit pilot to a frame length of 1944 bits leads to a
bandwidth efficiency loss of 0.17dB, but it is quite
difficult to improve the coding gain even as small as
0.1dB. A frequency-domain frame synchronization
method is proposed in Ref. [5], which is suitable for

some future communication systems.

The essence of the frame synchronization algorithm
is to locate and exploit the prior information in the re-
ceived signal. The sending information is usually con-
sidered to be random, so it has no prior information
and it is necessary to add the known pilot word as the
prior information. But when the sending information is
coded, it contains prior information which can be used
to find the boundary of the frame. This is called pilot-
less frame synchronization. A valid codeword of a line-
ar block code satisfies all the parity-check functions re-
presented by the check matrix. If the right sync posi-
tion of the frame is found, the valid codewords could
be got; otherwise the codewords are invalid. So the
right sync position can be located by exhaustively
searching all the possible positions and verify the code-
words with parity checking. The LDPC code was origi-
nally proposed by famous MIT Professor Gallager in
1962 and rediscovered its importance in 1996 in
Ref. [6]. Now, it is viewed as the best candidate for
the pilotless frame synchronization.

At present, most standard communication proto-
cols still use pilot synchronization algorithm. The main
reason is that pilotless frame synchronization algorithm
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needs to rely on encoding systems, and from the aspect
of realization complexity, pilotless frame synchroniza-
tion algorithm is far more complex than pilot frame syn-
chronization algorithm. However, with the development
of the technology, especially for some channel coding
near the Shannon limit, the pilotless frame synchroni-
zation algorithm shows obvious advantages. For some
channel coding, such as quasi-cyclic LDPC code, sim-
plified hardware-implemented schemes have been pro-
posed in some literature which will be discussed later.
The discussion of the performance estimation of pilot-
less frame synchronization algorithm will also become
more important. This paper is organized as follows. In
Section 1, related work on pilotless frame synchroniza-
tion of LDPC code is discussed. In Section 2, theoreti-
cal analysis of the pilotless frame synchronization is
proposed. The FSER performance of theoretical analy-
sis and simulation are compared in Section 3. It is
found that the result of theoretical analysis is consistent
with the simulation result under the condition of Gauss-
ian channel and Rician fading channel. The relation-
ship between the FSER performance and the structure
of the check matrix is also revealed. Section 4 outlines

some concluding remarks.

1 Related work

The LDPC coded frames are modulated by binary
phase shift keying ( BPSK) and perturbed by an addi-
tive white Gaussian noise (AWGN) channel with mean
zero and variance N, where NV, is the single-side noise
power spectral density of the noise. The structure of
the received signal buffer is shown in Fig. 1.

| | frame 0 | | | Frame M-1 | |

0 u n, ntu

) n (M-1)+u n Mty n(M+1)

Fig.1 Structure of the received signal buffer

where n, is the frame length which is usually equal to
the code length of the LDPC code, w is the true frame
offset of the received signal, M is the number of the
frames used for synchronization. The hard decision re-
sults of the received signal are saved in the buffer. If
the estimated offset g is equal tou, then the exact off-

set position of the frame is found. H is the check

annC
matrix of the LDPC code, n, is the code length, and n,
is the number of the constraint nodes of the check ma-

trix. The hard-decision bit error rate (BER) of BPSK
in AWGN channel is

pbc=0( /2]\[?5) (1)

where () is the complementary cumulative normal distri-

bution function, E_ is the energy per symbol, N is the
single side power spectral density E /N,(dB) =
E,/N,(dB) + 10 IgR, where R is the code rate of the
LDPC code.

If the data of current frame satisfies a check equa-
tion of the check matrix of the LDPC code, then this
constraint node ( check equation) is satisfied. The
probability that a constraint node of degree d, is not sat-

isfied is given by
[d/2]

d 2%-1 d.—(2k-1)
R
I ; R L (1 -p) (2)

where p represents the hard-decision bit error rate.
The probability that k£ constraint nodes from n, con-

straint nodes are satisfied is shown as follows
o= (M)t -pon, g

The distribution of the fraction of the satisfied con-
straint nodes for synchronized and unsynchronized ca-
ses can be derived from Eq. (3) , however the distribu-
tions derived from Eq. (3) are not consistent with the
simulation results. They share the same mean, but the
variances of the simulation results are larger than the
results derived from Eq. (3). This is because Eq. (3)
is based on the assumption that all of the constraint
nodes are pairwise independent. In fact, this assump-
tion is not true. It is difficult to guarantee that any two
constraint nodes are pairwise independent, even when
the check matrix is sparse. In Ref. [7] only some
qualitative conclusions related to the distribution of the
fraction of the satisfied constraint nodes are presented.
All the conclusions of Ref. [ 7] are based on the simu-
lation distributions of the fraction of the satisfied con-
straint nodes, so it is very difficult to give a general
theoretical analysis model for the frame synchronization
performance of different LDPC codes.

A blind frame synchronization method based on a
Maximum A Posteriori probability ( MAP) approach
was proposed in Ref. [ 8 ]. This method is based on the
log-likelihood ratios ( LLR) of the syndrome obtained
by the check matrix of the LDPC code. The LLR of the
syndrome can be expressed as

l//(t) - log(P"I: I:Sl(l) ’...7Sl<nr)1 7 0])

PLLS,(1),,5(n,)] =0]
j— 1 - Pt
- log( P )

where S, (n,) is the n'" syndrome element for position ¢,

(4)

t

P, presents the probability. If the syndrome elements
are independent, Eq. (4) can be simplified as

b(1) = §L<st<k>> ()
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where L(S,(k)) = lo (w

P[S (k) =0]

frame synchronization position ¢, can be estimated by

). The true

minimizing LLR of the syndrome shown as

ty = argmin ($(2)) (6)

1201, ,n,-1
The properties of the method based on MAP are
studied in Ref. [9].
volved in the synchronization criterion are found and
the theoretical analysis of the FSER is deduced.
A new estimation procedure for the blind frame

The probability distributions in-

synchronization error rate (FSER) based on MAP ap-
proach was proposed in Ref. [10]. By considering the
non-independence of the syndrome elements in theoret-
ical analysis under the condition of Gaussian channel
the estimation of FSER is more precise than that in
Ref. [9]. The relationship between the FSER perform-
ance and the weight distributions of the check matrix is
revealed by the result of the theoretical analysis in
Ref. [10].

A reduced complexity algorithm for blind frame
synchronization based on code-constraints in a quasi-
cyclic low density parity check (QC-LDPC) coded sys-
tem was proposed in Ref. [ 11]. The methods proposed
in Refs[ 7-10] were simplified for QC-LDPC code. The
computational complexity of the hard and soft synchro-
nizers is given. The method proposed in Refs[ 8-10]
has better FSER performance than the method proposed
in Ref. [7]. But the implementation complexity is very
large according to Ref. [ 11 ], which means that the ap-
proach becomes intractable for hardware implementa-
tion. So the method proposed in Ref.[7] is more
practical for implementation. Although the FSER per-
formance is well estimated in Ref.[10] in AWGN
channel, it is hard to derive the theoretical FSER per-
formance in some time or frequency selective channels.
In this paper, a good estimation of FSER performance
based on the hard-decision result of the received signal
in both AWGN and Rician fading channels is pro-
posed.

2 Theoretical analysis

All the conclusions of Ref. [7] are based on the
simulation distributions of the fraction of the satisfied
constraint nodes, and it is thus very time-consuming,
which makes it difficult to find a LDPC code with a
better FSER performance.

In this section, the FSER performance of the pi-
lotless frame synchronization of LDPC codes proposed
in Ref. [ 7] is analyzed theoretically in a different way,
and the non-independence between the constraint nodes

is considered.

The hard decision bit error rate of the received
signal can be learned from Eq. (1). The probability
that a constraint node of degree d, is satisfied can be

written as
ld/2]

d» 2k d -2k
= < |p2 1 - i 7
de_sal ;;) (2k)p ( p) ( )

where p, is the hard-decision BER of BPSK.
The probability that a constraint node of degree d,

P

is not satisfied can be written as
P = 1 - Ptlrisal, (8)

There are two states for all of the constraint

d,_nsat

nodes, one is the data for frame synchronization is sat-
isfied with the constraint node, and the other is not sat-
isfied. Random variable X, is defined which means the
state of the k™ constraint node. When the k" constraint
node is not satisfied, X, = 0, otherwise, X, = 1. It is
obvious that the random variable X, has only two possi-
ble values 0 and 1. So random variable X, is satisfied
with (0-1) distribution. Then

Pix, =1} =P\ P{X, =0} =P,

démjat ’ d((,k)insm

(9)

is defined, where P'") s the probability of the satis-

{lé“)at

. . k .
fied k" constraint node of degree d_, P is the

dé“insm
probability of the unsatisfied k" constraint node of de-
gree d,. The expectation and variance of X, are

E(X,) =P\ ,D(X,) =Py P ..

d{k) _sta d{k) _sat
(10)
Define random variable X = X, + X, + -+ + X,
which represents the number of the satisfied constraint
nodes in n, constraint nodes, where n, is the number of
all the constraint nodes of the LDPC code. Actually, X
satisfies the binomial distribution b(n,, P, ., ) under

d,_sat
the condition that X, , X, ,---,X, are pairwise independ-
ent.

The binomial distribution converges to the Gaussi-
an distribution when n, — . So Gaussian approxima-
tion can be used to describe the probability distribution
of X when n, is relatively large. The expectation and va-
riance of X will be derived as follows. When the check
matrix of the LDPC code is regular, Eqs (11) and
(12) are got according to the rule of binomial distribu-
tion.

E(X) =nP, . (11)
D(X) =nP, P, .. (12)

If the check matrix of the LDPC code is irregular,

then

E(X) = Y Py (13)
k=1
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D(X) = Y Py P
k=1

(14)

The fraction of the satisfied constraint nodes in n,
constraint nodes is defined as Y = X/n,, the expecta-
tion and variance can be written as

S pio
LELEE— (15)

n

E(Y)

nsat

DY) =——5—— (16)

n

r

r
r

(k) (k)
Z Pm[ . P
k=1

All of the above derivations are based on the as-
sumption that all the constraint nodes are pairwise in-
dependent. In fact this assumption is very hard to sat-
isfy even for a code with sparse check matrix, unless
the column weight of the check matrix is one. As men-
tioned in Ref. [7], the distribution of simulation is
very similar to the Gaussian distribution, even if the
constraint nodes are not pairwise independent. But the
variance derived from theoretical analysis in Ref. [ 7]
is smaller than the simulation variance, which may be
caused by the non-independence of the constraint
nodes. So the variance of the random variable X will be
deduced by considering the correlations of the con-
straint nodes. However the expectation of X by theoreti-
cal analysis is not influenced by the non-independence
of the constraint nodes.

The variance of X can be written as

D(X) = E(X*) - (E(X))’

n,

BLCS x)'T- L zx>]

§£E<Xi> S (E(X))?]

+2 Y [E(XX) - E(X)E(X,)]

I<i<js<n,

3. D0X) +2 3 [ECLX) - ECDE(X)]

I<i<j<n,
(17)
D(X,) can be got from Eq. (10). Then let us

discuss the non-independence of the constraint nodes.

There are ( "| pairs of constraint nodes in n, rows of
2

the check matrix. The pair number of the non-inde-

ne

. . v; .
pendent constraint node pairs is 2 ( / ) , where n, is
i=1
the column number of the check matrix and v; is the de-

gree of the /" column of the check matrix. So (Zr) -

e

v; . . Lo
Z pairs of constraint nodes are pairwise inde-
i=1

pendent. If X, and X, are pairwise independent,
E(X,X;) = E(X;)E(X;) =0, then the second item of
Eq. (17) can be written as

2 Z [(E<X1X])) _E(Xi)E<Xj)] =

2 ) [(E(XX)) -E(X)E(X,)]

Iss<li<n,

(18)
where X, and X, are a pair of non-independent constraint
nodes. Then how to calculate E(X X,) is discussed.
There is only one pair of common nonzero elements in
the s" and the I" constraint node, because cycle<4 loops
have been eliminated in check matrix of the LDPC
code. Without loss of generality, it is assumed that the
first pair of nonzero elements of the s™ and the ™ con-
straint node is the common nonzero elements. It is de-
fined that X X, = 1 only if the s" and the [" constraint
nodes are all satisfied. Then the expression of E( X X,)
will be deduced and will be discussed in two cases.

Case 1; The received code bit corresponding to
the common nonzero elements of the two constraint
nodes is assumed to be correct. The probability of this
case is 1 — p,, where p, is the BER of the received
codes by hard decision, the degree of the i" constraint
node is d'. If the constraint node is satisfied, then the
checksum is zero. If there is an even number of error
bits in the received bits corresponding to the nonzero
elements of the constraint node, the constraint node is
still satisfied. So the probability that the constraint

node is satisfied in this case can be written as
L(di-1)/2]

Pl Y (S)a-pt a9

In this case, the probability of X .X; = 1 can be
written as

P, {XxXl =1} = PE:[;71)75uL : PEQ{AUM (20)

Case 2: The received code bit corresponding to
the common nonzero element of the two constraint
nodes is assumed to be incorrect, the probability of this
case is P,. The probability that the constraint node is
satisfied under the condition that the code bit corre-
sponding to the first pair of nonzero elements of the

constraint nodes is incorrect can be written as
[(di-1)/2]

(i) di - i (21-
P(d?.')fnsla = 2 ( ) )Pfl 1(1 _p€>d e

=0 \2]l -1
(21)
In this case, the probability of X X, can be written as
PyIXX, = 1] = Pl Pl (22)
Considering both cases above,
P{XX, =1} = (1 -p,) - P {XX, = 1]
+p, P iX X, =1 (23)
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1s got
According to the property of (0 —1) distribution,
E(XX,) = P{XX, =1} (24)
is got

The values of E(X X,) for different pairs of con-

straint nodes are not identical when the check matrix is

n,

irregular. It is difficult to find out all the 2 ( 2j) pairs
=

of non-independent constraint nodes and calculate their

corresponding expectation E(X X,). For simplicity,
the average probability can be expressed as

d

cmax

Pdriml = X ; p]'P/‘J"l (25)
J = Aemin
where P, , is the probability of a constraint node with

degree j that is satisfied, {p;| is the constraint node de-
gree distribution of the LDPC code, d

the maximum and minimum row degree of the con-

and d_. are

cmax cmin

straint nodes. Similarly

d(,‘"la’(

P?ljinsat = 2 ijszsat (26>
J=demin

where P, is the probability of a constraint node with

degree j that is not satisfied. The variance of X can be

written as,

D(X) = ¥ D(X,)

k=1

ave ave
oy (1-p)- P(d,—l))ut : P(d‘,—l)isat
J ave ave
+ 2 Zl ( 2) +p(' : P(dp—l)in,mt : P(dc—l)Jmm
= — pue . poe

d,_sat d,_sat
(27)

are the average probabili-

ve

where P(; ) ., and Py ) .,
ty of the constraint nodes with degree d, — 1. The frac-
tion of the satisfied constraint nodes in n, constraint
nodes can be defined as Y’ = X/n,, the variance can

be written as

p(y) = 20 (28)

The expectation of Y’ keeps the same value as in
Eq. (15), for the independence of the constraint
nodes have no effect on the expectation value. When
the frame sync position is right, p, can be calculated by
Eq. (1), with opposite case, the received data is ran-
dom for the constraint nodes, so p, = 0.5. The vari-
ance of the fraction of the satisfied constraint nodes by
simulation and theoretical analysis of synchronized case
are compared in Fig. 2.

1-4
g BT

—+— var proposed in Ref.[1]
7 | | —%— var by theoretical analysis 1
—&A— var by simulation

0 0.5 1 1.5 2 2.5 3 3.5 4 45 5
E,/Ny(dB)

Fig.2 Simulation and derived variance of the fraction of the

satisfied constraint nodes for synchronized cases

The (972, 1944 ) quasi-cyclic irregular LDPC
code (972 is the info length and 1944 is the code
length of the LDPC code) proposed for the IEEE
802. 11n standard'' is taken into account. There are
810 constraint nodes with degree-7 and 162 constraint
nodes with degree-8 in this code. E,/N, varies from
0dB to 5dB with the interval of 0.5dB. The variance
derived from the theoretical analysis proposed in this
paper is consistent with the variance by simulations,
however the variance of the fraction of the satisfied con-
straint nodes in n, constraint nodes proposed in
Ref. [ 7] is much smaller. It is found out that the vari-
ance increases with the increment of E,/N,, which is a
counter-intuitive effect mentioned in Ref. [7], now it
can be explained by theoretical analysis. This variance
estimation error caused by non-independence between
the constraint nodes is solved in this work. The vari-
ance for unsynchronized case is shown in Fig. 3.

x10+

—+— var by simulation
—+— var by theoretical analysis

" \/V VV-

0 05 1 15 2 25 3 35 4 45 5
E,/N(dB)

Variance of unsynchronized

Fig.3 Simulation and derived variance of the fraction of the

satisfied constraint nodes for unsynchronized cases
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The variance derived from the theoretical analysis
proposed in this paper is also consistent with the vari-
ance by simulations and the variance is independent of
E,/N, in the case of unsynchronization.

Now the expectation and variance of the fraction of
the satisfied constraint nodes by using Gaussian approx-
imation can be got and the discrete probability mass
function of the fraction of the satisfied constraint nodes
for synchronized and unsynchronized cases can be got

further. The probability is
k
P o(k ) PiY = —f

n

r

2

k
= ;exp (nr _'LLF) (29)
2o pn, - 5

where k € [1, n,], u, and o, are the expectation and

2
207

the variance of the fraction of the satisfied constraint
nodes for synchronized or unsynchronized cases, re-
spectively.

The discrete probability distributions of the frac-
tion of the satisfied constraint nodes for synchronized
and unsynchronized cases are shown in Fig. 4.

0.03 T T T T T T T T T
—— Theoretical sync 1dB
— Theoretical sync 2dB
0.025 + | — Theoretical unsync E
-------- Sim unsync
-------- Sim sync 1dB
0.02+ [——— Sim sync 2dB E
2
Z
80.015} 4
e
~
0.01 - 4
0.005 | E
0 1 L 1 L L 1 1 1
0 01 02 03 04 05 06 07 08 09 1
Fraction of the satisfied constraint nodes in #_nodes
Fig. 4 Simulated and derived probability distribution of the

fraction of the satisfied constraint nodes for unsynchro-

nized and synchronized cases

The theoretical derived probability distributions
are in agreement with the simulated ones for synchro-
nized and unsynchronized cases.

The expectation of the fraction of the satisfied con-
straint nodes for synchronized case declines with the
decrease of the E,/N,. For unsynchronized case, the
expectation is 0.5 without fluctuation. The probability
distributions for synchronized and unsynchronized cases
have an overlapped region which results in the frame
synchronization errors. The area of the overlapped re-
gion increases with the decrease in the E,/N,. If all

the possible frame offset positions are traversed, the

position of maximum fraction of the satisfied constraint
nodes is more likely to be correct frame offset position
and this method is known as the maximum method'""
For the next step, the expression of the FSER is de-
duced with the maximum method.

The probability of a frame not synchronized can be
described as
Pugp =1 =Pryp =1 =P{X, > max(X,) |

(30)
where Py, is the probability that the frame is not syn-
chronized, P is the probability that fame is synchro-
nized , X, is the fraction of the satisfied constraint nodes
for synchronized case and X, is the fraction of the satis-
fied constraint nodes for all the unsynchronized case, 1
e (1,2,-u -1, u+1,--,n). X satisfies the
i.1i.d (identically and independently distributed) in
the case of unsynchronization, the discrete probability
mass function of the maximum value of X; can be writ-

ten as
' k

P(i) = Piimax(X,) = | =

i k 2 n,—1
& ; " exp ( n, - /“Lunsync) d( i)
n/‘ /ﬂa-mwync o N T nr

llllzsyll(,'
R S exp (YT, - M”"Sy"“) (31)
/2T e T 200

unsync

where u,..... and o are the expectation and variance

unsync
of the fraction of the satisfied constraint nodes for the
unsynchronized cases. The expression of the FSER can

be described as
”T //'

FSER = Py =1 =)

Py P (j)  (32)

i=1 j=
where P, is the probability of tile fraction of the satis-
fied constraint nodes for the synchronized case de-
scribed in Eq. (29) and P, is the probability described
in Eq. (31).

If Eq. (1) is replaced with the hard decision BER
of BPSK under other channel condition, all of the
above conclusions are also correct under any other
channel conditions. The wireless channels are general-
ly modeled as time or frequency selective channel such
as the Rician fading channel. The theoretical hard de-
cision BER of BPSK in the Ricain channel is presented
in Ref. [13]. Fig.5 shows the theoretical hard deci-
sion BER performance of BPSK in the Rician fading
channel, where K represents the ratio of the power in
the direct path to the power in the other. The Rician
fading channel is degraded to Rayleigh fading channel
when K tends to 0. When K tends to o , the Rician fa-
ding channel will degenerate towards Gaussian channel.
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10 L L ! ! L L
0 1 2 3 4 b 6 7 8 9 10

E/N(dB)
Fig.5 The hard decision BER performance of BPSK under the

condition of the Rician fading channel

3 Simulation and discussion

The (972, 1944 ) LDPC code, an irregular LDPC
code is chosen to verify the theoretical expression of the
FSER in AWGN channel. The E,/N, varies from 0dB
to 2. 5dB with the increasing step of 0. 5dB. The FSER
performances of simulation and theoretical analysis

are shown in Fig. 6. The result shows that the FSER

0
10 4
—— Theoretical FSER

107 —=4— Simulation FSER
-4
[sa)
A
=

102}

107 L L . .

0 0.5 1 1.5 2 25

E/N(dB)

Fig.6 The FSER performance comparison of theoretical

analysis and simulation

performance derived from theoretical analysis and simu-
lation are almost identical. This proves the feasibility of
the FSER performance evaluation of an LDPC code by
theoretical analysis, which is less time-consuming com-
pared to simulation.

Then, theoretical methods are used to analyze
several kinds of LDPC codes, with the identical code
length and code rate but different degree distributions
of the check matrix.

Here the influence of the degree distribution of the
check matrix on the the FSER performance is dis-
cussed. Three kinds of (504,1008) LDPC code'"' are
chosen. The FSER performances of the three kinds of
(504,1008 ) LDPC codes by theoretical analysis and

simulations are shown in Fig. 7.

10°¢
107 —6— Code Sim
—— Code II Sim
~ —4A— Code I Sim
= - CodeI Theoretical
= ---E--- Code II Theoretical
Code III Theoretical
107}
10'3 1 1 1 1
0 0.5 1 1.5 2 2.5
E,/N,(dB)
Fig.7 The FSER performance comparison of (504,1008)
LDPC codes

The column and row degree distributions of these
LDPC codes are listed in Table 1. Still, the E,/N, va-
ries from OdB to 2.5dB with the increasing step of
0.5dB.

Table 1  The column and row degree distributions of LDPC codes
LDPC Type n, n, Column distribution Row distribution
Code 1 regular 1008 504 [1008] = {3} [504] = {6}
Code I irregular 1008 504 [1008] = {3} [31,445,25,3]1 =1{5,6,7,8!}
Code I irregular 1008 504 [481,283,35,98,91,101] ={2,3,4,5,7,14,15} [5,493,6] ={7,8,9}

The results show that the FSER performance of

theoretical analysis obeys the simulations very well.
The FSER performances of Code I and Code II are very
similar, however the FSER performance of Code III is

significantly worse than those of Code I and Code II.
The result can be explained by the theoretical analysis
proposed above. The row degree distribution has an
effect on the expectation of the fraction of the satisfied
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constraint nodes. The larger row degree leads to a
smaller expectation of the fraction of the satisfied con-
straint nodes. It will add the overlapped area of the
probability distribution function of synchronized and
unsynchronized cases and deteriorate the FSER per-
formance. The row degrees of Code I and Code 1II are
different but they share the same mean, and the col-
umn degrees of them are identical, so the FSER per-
formances of the two LDPC codes are very similar. The
column degree has an effect on the correlations between
constraint nodes and a large column degree leads to a
large variance of the fraction of the satisfied constraint
nodes. The larger variance leads to the worse FSER
performance. The row and column degrees of Code III
are much larger than those of Code I and Code II,
which leads to a larger variance and smaller expectation
of the fraction of the satisfied constraint nodes. The
FSER performance is therefore deteriorated significant-
ly.

The code length also has an influence on the FS-
ER performance of LDPC codes and the effect is also
analyzed with the method proposed in this paper. The
LDPC code of (252,504), (504,1008) and (1008,
2016) are chosen. These three codes have the same
row degree of 6 and column degree of 3, but have dif-
ferent code length. The FSER performances of these
three codes by theoretical analysis are compared, and
shown in Fig.8. The E,/N, varies from 0dB to 3dB
with the increasing step of 0.5dB. The result shows
that the FSER performance increases with the incre-
ment of code length.

10°
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—B— (504,1008)
104 | —+— (252,504) h
g
=
10° |
10% |
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10-10 L ' ' L L
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Fig.8 The FSER performance comparison of LDPC codes
with different code length

The (504,1008) LDPC code is chosen to verify
the theoretical expression of the FSER in Rician fading
channel. The E,/N, varies from 0dB to 3. 5dB with the

increasing step of 0.5dB. The FSER performances of
simulation and theoretical analysis are shown in Fig. 9.
The result shows that the FSER performance derived
from theoretical analysis and simulation are almost
identical.

With the proposed method, the FSER performance
of LDPC codes can be estimated with different degree
distributions, code lengths and code rates under vari-
ous channel conditions, which will greatly reduce anal-
ysis time compared to simulation and the proposed
method makes it easy to find out candidate LDPC codes
with a better synchronization performance.
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Fig.9 The FSER performance comparison of (504,1008) LD-
PC code under the condition of the Rician fading chan-

nel
4 Conclusion

A method is proposed to estimate the FSER per-
formance of LDPC codes in Gaussian channel and Ri-
cian fading channel. The probability distributions of
the fraction of the satisfied constraint nodes are theoret-
ically derived by the Gaussian approximation. The the-
oretical and simulation results of the probability distri-
butions coincide completely with each other due to the
consideration of the non-independence between the
constraint nodes. The FSER derived from theoretical
analysis is consistent with that from simulation very
well, so the estimations of the FSER for different kinds
of LDPC codes become more efficient. Furthermore,
the effect of check matrix degree distributions on the
FSER performance can be quantitatively studied by
theoretical analysis and the basic principles of con-
structing LDPC codes with a better synchronization per-
formance are revealed. High effective method is re-
quired for the research of pilotless frame synchroniza-
tion. Compared to the traditional method based on the
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simulation, the proposed method significantly improves
the efficiency in finding LDPC codes with better frame

synchronization performance.
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