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Abstract
A novel symmetrical 3-degree-of-freedom ( DOF) parallel kinematic manipulator ( PKM) is
firstly presented, which is named 3-P (Qu) RU. According to the structure feature, a double closed
loop vector method is proposed to investigate this PKM. Based on this method, kinematic, velocity

and error models of this manipulator are established respectively. Since3-PRS PKM has been applied

successfully in practice and its structure is similar to the 3-P (Qu) RU PKM, corresponding models

of a 3-PRS PKM are given and a performance comparison study between them is investigated on

workspace , manipulator dexterity, position error and error sensitivity. The comparison results reveal
that the 3-P (Qu) RU PKM has the advantage on velocity performance and the disadvantage on ac-
curacy performance. This novel 3-P (Qu) RU PKM is an available selection for a tool head of a hy-

brid machine tool and the analysis is greatly helpful for the further applications of this manipulator.

Key words: comparison study, parallel kinematic manipulator( PKM) , kinematics, velocity,

error

0 Introduction

It is well known that the parallel kinematic manip-
ulator (PKM) has potential advantages in high speed,
heavy load handling and high response rate. lts draw-
back is on the limited workspace. On the contrary, the
serial kinematic manipulator (SKM) has the advantage
of large workspace and the disadvantage of what PKM
owns'"?). With an increasing need for manufacturing
structural aircraft parts, hybrid machine tools, combi-
ning the advantages of PKMs and SKMs, are becoming
a research hotspot and attracting more and more atten-
tions from both academia and industry. The successful
applications include ECOSPEED series machine cen-
ters developed by DS-Technologie*', the Tricept series
machine developed by PkmtriceptSL'*' and the TriVari-
anthybrid PKM proposed by Huang'’'. Usually as tool
heads of hybrid machine tools, PKMs with different
structures are investigated widely. Among a mass of

PKMs, the 3-degree-of-freedom ( DOF ) PKMs are

used most frequently and are most suitable due to their

simple kinematics'®’.
p

The structure of 3-DOF PKMs can be mainly di-
vided into asymmetrical and symmetrical structures.
Asymmetrical structures have been proposed and ana-
lyzed by a lot of researchers. A hybrid machine tool
with a 3-DOF parallel module, TripteorX7, was pro-
posed and its static and dynamic models were set
up'”’. The proposed models predicted the behavior of
the structure and avoided costly trials. A 2-UPS-PRP
PKM was investigated and its error analysis revealed
that some identified workspace either amplified or re-

81 In addition, future work

duced the input errors
about accuracy evaluation, static forces and kinematics
were mentioned. A novel asymmetrical 3-DOF PKM
with two translational and one rotational motions was
This structure, which could rotate 360
degrees around the Y-axis, owned a higher rotational

ability than general PKMs. A 2-PRU-PRRU PKM was

[10]

designed'”’.

created and studied on the aspect of kinematics
Asymmetrical 3-DOF PKMs with 2-PRU-1PRS and 2-
PRU-1PUR were respectively proposed by Xie'''l.
Both of them aimed at a better orientation and elimina-
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ting parasitic motions. Another novel asymmetrical 3-
DOF PKM, named TAM, with purely translational mo-
tions was presented and compared with the
SKM400PKM on the conditional number of the Jacobin
matrix' "', An asymmetrical 3-DOF spherical PKM was

!, The work provided

studied in a mobility analysis''
plenty of theoretical foundations for different asymmet-
rical structures. Here, R, P, U and S represent revo-
lute, prismatic, universal and spherical joint respec-
tively.

However, asymmetrical 3-DOF structures may
lead to an isotropic motions that are not suitable as a
tool head in practice. In the successful applications in
industry,, symmetrical 3-DOF structures are more suit-
ably used as a tool head like the Z3 tool head with a
symmetrical 3-PRS structure in ECOSPEED and the
symmetrical 3-UPS structure in Tricept. However, it is
found that Tricept with an A/C-axis ( rotations about
the X- and Z-axes) tool head may scratch the finished
surface during rotating the cutter in a high speed. Z3
with an A/B-axis (rotations about the X- and Y-axes)
tool head avoids this problem. One can see that the
symmetrical 3-PRS structure owns more advantages in
the machining of aircraft structural parts. As far as the
authors can be aware, vast literatures about kinematics

and dynamics analysis'" | architecture

[15 6]

optimiza-
tion'™", dimension synthesis '®" | and sensitivity analy-
sis''" were presented for the 3-PRS structure. Howev-
er, few structure innovations based on the 3-PRS struc-
ture are presented. Although there are some structure
innovations proposed such as in Ref. [18], these
structures do not have a better kinematic performance
than the 3-PRS structure and the structure innovations
just rely on combinations of existing limbs or joints,
which limits the further improvement on the compre-
hensive performances. In this paper, a novel 3-DOF
symmetrical PKM ,named 3-P (Qu) RU, derived from
a 3-PRS structure is put forward. Qu joint is a kind of
novel joint which is a planar quadrilateral construction
with four revolute joints. This 3-P (Qu) RU PKM is
analyzed in the aspects of workspace, velocity, posi-
tion error and error sensitivity. So does the 3-PRS
PKM. In order to show the performance of the 3-P
(Qu) RUPKM clearly, a comparison study between
the two PKMs is presented.

The remainder of the paper is organized as fol-
lows. The next section presents the descriptions and
system modeling of a 3-P (Qu) RU PKM. The double
closed loop vectors method is proposed to establish the
system model. In Section 2, the 3-PRS PKM is intro-
duced. In Section 3, in order to guarantee a fair com-
parison, a comparison rule is set up. Moreover, the

evaluation indices are presented. In Section 4, numeri-
cal examples are utilized to show the comparison study.
The conclusions are organized in Section 5.

1 Description and system modeling of 3-P
(Qu) RU PKM

1.1 Description of configuration and calculation
of DOF

A virtual prototype of the 3-P (Qu) RU PKM is
shown in Fig. 1. It is composed of a mobile platform, a
base platform, and three supporting limbs with an
identical kinematic structure. Each supporting limb is
composed of one P joint, one Qu joint, one R joint and
one U joint. Qu joint is a novel joint, the target of
which is to increase the stiffness of the manipulator.
This joint is composed of four R joints and is a planar
scissor like quadrilateral construction. The four R
joints are installed at four vertices of the quadrilateral

construction.

U joint

R joint
Fig.1 The virtual prototype of 3-P (Qu) RU PKM

In order to determine the output motion of this
PKM, its DOF number should be obtained. The formu-
la for calculating the DOF of a manipulator is expressed
as

NDOF =6(n-g-1) +f (1)
where NDOF represents the number of DOF in the ma-
nipulator, n represents the number of links, g repre-
sents the number of joints and f represents the total
number of joint DOF.

As each limb is the same, Eq. (1) can be rewrit-
ten as

NDOF = 6(3n" +2 -3g" - 1) + 3k (2)
where n’ and g’ represent the corresponding link and
joint number of each limb, number 2 represents the
link number for the mobile platform and the base plat-
form and k£ represents the total number of joint DOF of
each limb.

It is easy to know that n’is always 1 smaller than
g’ . For each limb, P joint provides one DOF, Qu
joint provides one DOF. R joint provides one DOF and
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U joint provides two DOFs. Hence, k is equal to 5.
Finally, it is known that NDOF =3. Hence, this PKM
has 3 output motions. It should be pointed out that the
3-P (Qu) RU PKM has the 3 same main motions and 3
parasitism motions with 3-PRS PKM.

1.2 System modeling based on the double closed
loop vectors method

The traditional single closed loop vector for one
limb is not suited to this 3-P (Qu) RU PKM due to the
complexity of its limb structure. More equations and
variables should be added in its corresponding models.
Hence, the double closed loop vectors method is pro-
posed and applied in the following kinematic model,
velocity model and error model.
1.2.1 Kinematic model of 3-P (Qu) RU PKM

The architecture of a 3-P (Qu) RU PKM is shown
in Fig.2. A fixed Cartesian reference coordinate sys-
tem O-XYZ is fixed at the center of the base platform
B B,B;. A moving coordinate system N-UVW is fixed
at the center of the mobile platform A,A4,A;. For sim-
plicity and without losing the generality, let the X-axis
point along the direction of vector OB, and the U-axis
point along the vector NA,. Z-axis and W-axis are re-
spectively perpendicular to the base platform and the
mobile platform. Both axis Y and axis V satisfy the
right-hand rule. B,C; on the base platform for i =1, 2
and 3 represents the guide rail of each limb. Each P
joint moves along B.C,. G, is the midpoint of E.F,.
Furthermore, all the joints attached to the base and
mobile platform are symmetrically distributed at verti-
ces of the equilateral triangles. It means that the angles
on the mobile platform between vectors NA,, NA, and
NA, keep the same 2/3 ar rad and the angles on the
base platform between vectors OB,, OB, and OB, keep
the same 2/3 1 rad no matter in 3-P (Qu) RU PKM or
in 3-PRS PKM.

P joint

Base platform

Fig.2 Architecture of 3-P (Qu) RU PKM

In order to simplify the orientation expression, T
= T rotation angle is introduced to describe the orien-
tation of the mobile platform in both PKMs. The rota-
tional matrix is expressed as

cosp —sing Oqr cosh 0O sing

R, = [singo cose 0” 0 1 0 ]
0 0 1’ —sinf 0 cosf

coso sing Oqrcosyy —singg O

[ —sinp  cosg 0] [ singy  cosys O]

0 0 1 0 0 1

Angle ¢ rotates around the normal direction of the
moving platform and it is zero in an ideal situation.
Furthermore, the accuracy of angle ¢ is not necessary
to guarantee when the machine tool machines a part.
Hence, i can be ignored and only two angles are kept
in the rotational matrix. More information about the
meaning of the rotational matrix can be found in
Ref. [6].

According to the above analysis, each limb has the
same kinematic characteristic. The same vector loop of
each limb is drown in Fig.3. If only one closed loop
vector of each limb is employed, the position of EF,
cannot be determined. Hence, a double closed loop

vectors method (OB,C,F,G, AN and OB,C,D.,E,G.A,N)

[ A

is introduced.

o

Fig.3 The double closed loop vectors of 3-P (Qu) RU PKM

A kinematic function according to the vector loop

OB.C.F.G.A N is written as

[l Sl A )

H + R Ra;, =Rb, +Rp, + R, - %Rilm + R
(3)

Another kinematic function according to the vector

loop OB,C,D,E,G,A,N is written as
H+RyRa, - (Rb, +Rp, + RL, + TR, +RL)
=Rl (4)

where R, represents the rotation matrix of each limb.
ai 7bi ’ l

L, L, 1, and L, represent the position vec-

lio
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tors of N.A., O.B.

[ A [

C.D,, CF,

Fiy DE;, EF; and GA,
in the coordinate system O,-X,Y,Z., respectively. H re-
presents the position vector of the mobile platform. p,

represents the input vector of each P joint.
The kinematic model of 3-P (Qu) RU PKM is de-
rived based on Eqs(3) and (4). The following analy-

ses are all based on the double closed loop vectors.
According to Eqs (3) and (4), the kinematic
model is rewritten as

H+R.Ra - (Rb, + Rp, - TRl + Rl) =Rl

(5)
H+RyRa, - (Rb, +Rp, + RL, + TR, + RL)
= R, (6)

The kinematic constraint equations with the norm
of both sides of Eqs(5) and (6) are expressed as

H +R,Ria; - (Ribi +Rp; - %Ril&' + RiISi) =1
(7)
H+R.Ra, - (Rb, +Rp, +RL, + R, +RL)
= 1 (8)
E.F, are fixed at G;A; and it is assumed that G A,

are perpendicular to E,F;. The vectors of E,F; and G A,

are expressed by one parameter w; as: [,; =1, [ cosw,; 0

sinw, ] and I, = I, [ cos (w; +0. 57) 0 sin(w, +
0.57) ]". w, represents the orientations of E,F, in the
X.Z, plane.

Considering w, is unknown, more expressions are
needed. Multiplying both sides of Eq. (3) by (Riey)T
leads to:

(Rie)»>T<H + R']‘-'I‘Riai> =0 (9)
where e, =[0 1 0]".

Based on Eqs(7) ~ (9), the kinematic model is
expressed as:

fi(X,P,P") =0 (10)
where X=[xyz0 01", P=[p p,p;]", P" =,
w, wy ], j=1~9.

The double closed loop vectors method is presen-
ted above and its kinematic model is given in
Eq. (10). Compared with 9 variables in the kinematic
model of 3-PRS PKM, there are 12 variables in this
model due to its special structure feature. The tradi-
tional single closed loop vector method for solving 9
variables is not suited to this 3-P (Qu) RU PKM and
the double closed loop vectors method proposed in this
paper is suitable. In this method, the 12 variables can
be divided into the output and input variables. The
output variable is X containing 3 main output variables
and 3 parasitism output variables. The input variable is

P and P". P can be seen as the 3 main input variables
and P can be seen as the 3 parasitism input varia-
bles. In the solving process, 3 variables are known and
9 variables are unknown. The 3 known variables corre-
spond to the 3 main output in invers kinematics or the
3 main input in forward kinematics. Hence, no matter
in invers kinematics or forward kinematics, 9 equations
based on Eqs(7) ~ (9) are needed. Taking the for-
ward kinematics as an example, it is to solve X while P
is known and P* is unknown. In order to obtain the
solutions, the classical Newton iterative method is used
to solve Eq. (10) as follows:

S = 8" - [J(SH]TF(SY) (11)
where §**' represents X and P* in the next iterative
process; and S* is solved in the previous iterative
process. J(S") is the derivatives function for forward
kinematics and F(S*) is the forward kinematics.

Starting with an initial estimate $° = [ X° P*°]",
the iterative process will end once the following expres-
sion is satisfied ;

S oSt < e (12)
where g is a specified tolerance.

After that, X and P" with reference to the corre-
sponding P are obtained.

1.2.2  Velocity model of 3-P (Qu) RU PKM

In order to obtain a velocity model, taking the de-
rivative of Eqs (3) and (4) with respect to time, it
leads to:

H+axR. Ra, =0 +Rp, + 1,0, xRn,

i — sinw, — Cosw;
- 2Ril4|: 0 :|wz + Ri’Si[ 0 }01

Cosw; — sinw;,

(13)
H+axR. Ra, =0 +Rp, +1L,o, xR,n,

; - sinw;, — cosw;
+ ?Ril4 0 w; + R 0 w;

CosW; — sinw;

(14)
where H represents the position velocity vector of the
output. a represents the angle velocity vector of the
output. p represents the displacement velocity vector of
the inputs. @, represents the angle velocity vector of
l,;. @,; and n,, represent the angle velocity vector and
unit direction vector of 1,; in X,Z, plane. ;; and n;; re-
present the angle velocity vector and unit direction vec-
tor of I;; in X,Z, plane.

Multiplying both sides of Eq. (13) by (Rn, )"
and multiplying both sides of Eq. (14) by (R.ny,)",
they can be simplified as

ShiH + Said = Spipi (15)

Eq. (15) is rewritten as a matrix expression :
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JSXG[I?] = D3 (16)

6x1

In Eq. (16) , the number of rows in J is not equal
to the number of columns in J. J cannot directly get a
matrix inversion of itself. In order to give a further ve-
locity analysis, the matrix of velocity transfer J should
be able to be inversed. As mentioned above, this PKM
has 3 main motions and 3 parasitism motions. Hence,
the velocity parameters of 3 parasitism output are nee-
ded to be eliminated based on Eq. (9). By taking the
derivative of Eq. (9) with respect to time, the relation
between the velocity vectors of 3 main motions and 3
parasitism motions is expressed as;

(Re,)'H + ((Ry;Ra;) x (Re,))'da =0

(17)

Eq. (17) is solved as:
=t + 1,0 (18)
Furthermore, the expressions can be obtained as
X =gip+ g0 (19)
Y = g + g0 (20)

wheret, , t,, g,, &, & and g, are the corresponding
coefficients.
Taking Eqs(18) ~ (20) into Eq. (15), it leads
to:
szfp = (Spg + Siy& + St St )@
+ (S,.8, + S8 + S, + Suity) 0 + Sz
(21)

Eq. (21) is rewritten as a square matrix expres-

aty

sion ;

[¢ 6 z1" = JJa(:olJian[pl pz pz]T (22)
1.2.3  Error model of 3-P (Qu) RU PKM

At first, Eqs(3) and (4) is taken with the first
order perturbation ;
H+AH + (E + Aa x)R,; - R, - (a; + Aa;)
=R, (b, +Ab,) +R, - (E + Any,; x)[ AR,

1
+ (L +AL,) | _?Ri - (E + Any, %) [AR,

+ (L, +AL) ] +R; - (p, +Ap;) + R, - (I5 + Al5)

+R, - (E +An, x)AU, (23)
H+ AH + (E + Aa x)R;, * R, - (a, + Aa,)
=R, - (b, +Ab)) +R, - (p, +Ap;) +R, - (I, +Al,;)

+ R+ (E + Ay, x) [AR,; + (L + AL) |

+ %R;, * (E + Amyy; ) [ARy, + (1, + AL,) |

+R, - (I;; + Al;;)) + R, - (E + Any; x)AU,

(24)

where AH represents the position error vector of the
output; Aer represents the orientation error vector of the
output; Aa,; represents the error vector of a,.
Ab represents the error vector of b,. Ap, represents the

error vector of p,. Al ; represents the error vector of [

mi

form=1105; Anp,;, Anp,, Ay, and Any,; repre-
sent the orientation error vector of four R joints of Qu
joint. AR,;, AR,,, AR, and AR, represent the posi-
tion error vector of four R joints of Qu joint; Am,, re-
presents the orientation error vector of U joint; AU, re-
presents the position error vector of U joint. Further-
more, it should be pointed out that the R joint connect-
ing E,F, with G;A; can be ignored because the main er-
ror of the R joint is the rotational motion around its nor-
mal direction and it cannot influence the error of the
mobile platform.
With ignoring the second and higher order terms,

Eq. (23) is subtracted from Eq. (3) and Eq. (24) is
subtracted from Eq. (4) .
AH + Aa X R ;R.a,

=-R.,RAa;, + RAb, + RAp. + RAR,, + R,AL,

+ R AN, x 1, - %(RiARM + RAl,; + R Any,

x 1) + RAU, + R.AL, (25)
AH + Aa x R, ,R.a,
=-R.RAa, + R,(Ab, + Ap, + Al,, + AR,, + Al,,)

+ Ry, x L + %(R[AR:;[ + RAL; + R Any,

x1l,,) + RAU, + R AL, (26)
Multiplying both sides of Eq. (25) by (Rie},)vr
and multiplying both sides of Eq. (26) by (R.L,)",
they lead to:
(R;e)»)'r *AH + [ (R Ra;) x (Ree,) 1" Aa
= (Re,)" - (- R;RAa, + RAb, + RAp, + RAR,,

1
+RAL,) + (L, xe,)' + Ang, - T(Riey)T

- (RAR, + RAL;) - %(lm‘ X ey)T * Ang;

+ (Re,)" - (RAU, + RAL,) (27)
(Ril3i)']‘AH + [ (RoRa;) x (R]L;) 1'Aa
= (Ril3i)rr( ~R. ;R Aa;, + R, (Ab, + Ap, +Al,;, +AR,,) )

+ (IBi X l3i>TA7’R2i + %(R,.l&.)T(R’.ARy + RiAl4i>

+ ;7(141' X l3i)TA1’R3i + (Ril3i)T<RiAUi + RAL,
+ RAL) (28)

Then the expression of the error model based on
Eqs(27) and (28) can be written as:

T 3] = ap (29)

where AP represents a vector with all error parameters

of 3-P (Qu) RU PKM.
2 System modeling of 3-PRS PKM

Since the 3-PRS PKM has been analyzed by sev-
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eral researches, its kinematic model, velocity model
and error model are briefly introduced. Its architecture
is presented in Fig.4. The 3-PRS PKM is also com-
posed of a mobile platform, a base platform and 3 sup-
porting limbs with the identical kinematics. The base
platform is connected with the mobile platform by each
limb containing one P joint, one R joint and one S
joint. In addition, P joint on each limb is actuated.
The 3-PRS PKM has the 3 same main motions and 3
parasitism motions with the 3-P (Qu) RU PKM.

P joint

Base platform
Fig.4 Architecture of 3-PRS PKM

In order to compare the two PKMs in conven-
ience, a same naming rule is employed to describe the
3-PRS PKM in Fig.4. A fixed Cartesian reference co-
ordinate system O-XYZ is fixed at the center of the
base platform B,B,B;. A moving Cartesian reference
coordinate system N-UVW is fixed at the center of the
mobile platform A,A,A;. For simplicity and without
losing the generality, let the X-axis point along the di-
rection of vector OB, and the U-axis point along vector
NA,. Z-axis and W-axis are respectively perpendicular
to the base platform and the mobile platform. Both Y-
axis and V-axis satisfy the right-hand rule. B,C; on the
base platform for ¢ =1, 2 and 3 represents the guide
rail of each limb. The guide rail of each limb is per-
pendicular to the base platform. Each P joint moves
along B,C..

Some expressions and introductions mentioned in
the model of 3-P (Qu) RU PKM are not presented
again in this section.

A kinematic model according to vector loop
OB,C.A,N is written as;

H+R Ra, =Rb, + Rp, + R (30)

By taking the derivative of Eq. (30) with respect
to time, the velocity model is written as:

H+axR Ra =0 +pRe. +1& xn, (31)
where &, represents the angle velocity vector of [, and n,,
represents the unit direction vector of /;.

Multiplying both sides of Eq. (31) by (n,)", it

leads to:

'R.e (32)

[t a1

nH + (R Ra, xn,)'a =pn
Eq. (32) can be rewritten in the same matrix-
format with Eq. (22)
¢ 0 z]" = Jicobian LP1 P2 Pl (33)
The error model of 3-PRS PKM is given directly;
(Rili)TAH + [ (RyRa;) x (R]I) 1"Aa
= (R1)"(- R, (RAa, + RAb, + R Ap,)
+ (RI1)"(RAR, + RAI + RAS,)
+ (I, Xli)TAnRi (34)
(Riey) 'AH + [ (RT—TRiai> X (Riey) ][‘Aa
= (Riey)T( - R.;RAa; + RAb, + R Ap,)

+ (Re,)" (RAR, + RAlL + RAS,)

+ (I, x e),)TAnm (35)
where Al represents the error vector of I;; Any: repre-
sents the orientation error vector of R joints; AR, repre-
sents the position error vector of R joint; AS,represents
the position error vector of S joint.

Furthermore , the error model of 3-PRS PKM is al-
so obtained in the same format with Eq. (29) as:

T A0 = a0 (36)

where AP represents a vector with all error parameters

of 3-PRS PKM.
3 Performance evaluation indices

To be fair, the structure parameters of 3-P ( Qu)
RU PKM are given based on the structure parameters of
3-PRS PKM. Two rules are set up:

1) Keep a; and b, of both PKMs in the same-
lengths ;

2) At ¢ =0 and 6 =0, the structure parameters of
both the two PKMs should satisfy the following expres-

sions :

%lli +1 =1, - %lm‘ + 1, (37)
1 1
7’11' +1 =1, +1; + 7’41' + 1 (38)

According to the above rules, all the structure pa-
rameters of 3-P (Qu) RU PKM can be obtained with
the structure parameters of 3-PRS PKM and the given
lengths of 1,;, I,; and ;. After calculating Eqs(37) and
(38), the structure parameters of both PKMs are given
in the following. In 3-PRS PKM, a =200mm, b =
260mm and [ =460mm. In 3-P (Qu) RU PKM, a =
200mm, b =260mm, [, =240mm, [, =533mm, [, =
293mm, [/, =100mm and /5 =50mm.

3.1 Workspace
In order to evaluate the workspace performance,
an index is introduced.
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AX) =1 G = Qi | (39)
where ¢, represents an output point containing the
maximum value along X direction. ¢, represents an
output point containing the minimum value along X di-
rection. To put this conveniently, A (X) is represented
by DAXD (distance along Xdirection).

The same operations are performed along Y direc-
tion and Z direction. DAYD and DAZD respectively re-
present the distances along Y direction and Z direction.
The bigger DAXD, DAYD and DAZD are, the bigger
workspace the PKM has.

3.2 Manipulator dexterity

The character of the velocity transfer matrix for a
PKM is seen as the ability to change the positions and
orientations of the mobile platform. One of the fre-
quently used indices based on the velocity transfer ma-
trix is called dexterity. A dexterity index for a given
output point is 1/k. k represents the condition number
of the velocity transfer matrix for 3-P (Qu) RU PKM
in Eq. (22) or for 3-PRS PKM in Eq. (33). The con-
dition number k ranges from 1 to o . For a given out-
put point which k is equal to 1, it means that the dex-
terity of the PKM is the best and the PKM is isotropic.
Furthermore, GDI ( global dexterity index) is given to
evaluate both PKMs in a given output range:

fv(l/x)dV
= v

where u represents a value of GDI, V denotes a given

(40)

output rang. The bigger u is, the better the velocity
performance the PKM has.

3.3 Position error
Although PKMs own many merits such as high
speed and heavy load handling, the accuracy perform-
ance should be paid attentions to if a PKM is used as a
tool head. Position error of a PKM is an important
evaluation index of the accuracy performance. A deter-
mination of the position errors for a given output point
is put forward in the following;
0, =1 AH| (41)
where (2, represents the position error. AH for 3-P
(Qu) RU PKM is calculated by Eq. (29) and one for
3-PRS PKM is calculated by Eq. (36). The bigger the

value of (), is, the worse accuracy the PKM has.

3.4 Error sensitivity

The position error is influenced by the values of
the given structural errors, which cannot comprehen-
sively reflect the accuracy performance of a PKM. FEr-
ror sensitivity is employed to estimate the influence of

all error parameters on the output error. A determina-
tion of a global position error sensitivity for a given out-

put range is put forward in the following:

2 2

ICAH) dCAH) ICAHOT’
AT - (Ga) « (Gas

V

0-H=

(42)
where V denotes a given output range. AH,, AH, and
AH_ respectively represent elements of the position out-
put error vector. AP represents the unit position error
parameter of a joint. g presents the influence of a unit
error of a joint position error parameter on the position
error of the output error.

Furthermore, the position error sensitivity and ori-
entation error sensitivity should be discussed respec-
tively. The similar determination of a global orientation
error sensitivity for a given output range is also pro-

posed :
I AT | [0Aa)] | [9A) T
) /[G(AZ)] ’ [amZJ ’ [a(A;i)] v
o, = %

(43)
where Aa,, Aa, and Aca, respectively represent ele-
ments of the orientation output error vector. AP repre-
sents the unit orientation error parameter of a joint. o,
presents the influence of a unit error of a joint orienta-
tion error parameter on the orientation error of the out-
put error.

The error sensitivity reflects the influence of a unit
error of a joint on the output error. This index esti-
mates the influence of each single joint error on the
output error rather than the influence of all joints error
together on the output error. The bigger the error sensi-
tivity is, the worse accuracy the PKM has.

4 Numerical examples

Based on the above evaluation indices, numerical
examples are employed to show specific performances
between the 3-P (Qu) RU PKM and 3-PRS PKM on
workspace, manipulator dexterity, position error and
error sensitivity.

4.1 Workspace comparison

In this section, kinematic workspaces of both
PKMs are obtained with the same input range. Both of
the PKMs own the same motion boundary on work-
space. Moreover, it is seen that workspaces of both
PKMs are totally the same since the values of DAXD,
DAYD and DAZD are the same as 46mm, 37mm and
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100mm, respectively. Collections of every dispersed
output point for both PKMs are plotted in Fig.5. The
comparison result reveals that this 3-P (Qu) RU PKM
owns the same kinematic workspace with a 3-PRS
PKM, which ensures a basic machining trajectory re-
quirement for a tool head.

20
1000
10
£ Eo
N =
-10
0 -2l
2010 0 19 p-50 30 20 -10 0 10 20
Y(mm) X(mm)
(a) The workspace in 3D space (b) The workspace in X-Y view
980
960
g 940
£ 920
N
900
880
60
30 20 -10 O 10 20 20  -10 0 10 20
X(mm) Y(mm)

(c) The workspace in X-Z view (d) The workspace in Y-Z view

Fig.5 The workspace of both PKMs

4.2 Dexterity comparison

The dexterity index of each PKM is calculated at
each output points in a given output range with Z =
700mm, ¢ =0 ~2q and # =0 ~ w/4. In order to pres-
ent the dexterity of each PKM comprehensively, the
dexterity distributions respectively along three DOF di-
rections are given. Their specific situations are Z DOF
varying in 600mm to 800mm with ¢ =0 and 6 = w/6,
¢ DOF varying in O to 29 with Z =700mm and 6 = =/
6, @ DOF varying in 0 to /4 with Z =700mm and ¢
=0. Distributions of dexterity index for 3-P (Qu) RU
PKM and 3-PRS PKM are respectively plotted in
Fig. 6.

It shows that both of the two PKMs present a simi-
lar dexterity distribution. The big values of dexterity
index are both in the center and some specific edges of
the given output range. Moreover, the biggest GDI val-
ue of the 3-PRS PKM is 0.0068 and smaller than that
of the 3-P (Qu) RU PKM, being 0.0126, which
means that the manipulator dexterity performance of the
3-P (Qu) RU PKM is better. According to the mean-
ing of manipulator dexterity, the 3-P (Qu) RU PKM
owns a better isotropic motion and performs well with
regard to its force and motion transmission capability.
Hence, it can be concluded that the 3-P (Qu) RU
PKM has more advantages in the aspect of manipulator
dexterity.
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(a) Z=700mm, ¢ =0 ~2m and § =0 ~ w/4; (b) Z DOF varying in
600mm to 800mm with ¢ =0 and 6 = 7w/6; (c¢) ¢ DOF varying in 0 to
2@ with Z =700mm and # = w/6; (d) 6 DOF varying in 0 to w/4 with Z
=700mm and ¢ =0

Fig.6 Distributions of dexterity for 3-P (Qu) RU PKM and
3-PRS PKM

4.3 Position error comparison

In order to obtain a fair error comparison between
the two PKMs, errors of the common structural parame-
ters are kept in the same. Structural errors of the 3-P
(Qu) RU PKM and the 3-PRS PKM are given in ran-
dom within a given range. The position error simula-
tions of the two PKMs are performed in the same range
with Section 4. 2.

Fig.7 and Fig. 8 show that both of the two PKMs
present a similar position error distribution. The big
values of position error are both at some specific edges
of the given output range. Furthermore, the maximum

values of position errors of the 3-P (Qu) RU PKM and
3

2
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(a)Z=700mm, ¢ =0 ~27 and § =0 ~ w/4; (b) Z DOF varying in
600mm to 800mm with ¢ =0 and § = w/6; (c¢) ¢ DOF varying in O to
2 with Z =700mm and # = w/6; (d) 6 DOF varying in 0 to 7/4 with Z
=700mm and ¢ =0
Fig.7 Position errors of 3-P (Qu) RU PKM
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Fig.8 Position errors of 3-PRS PKM

the 3-PRS PKM are 1.919mm and 1.002mm respec-
tively. The data show that the position error of the 3-P
(Qu) RU PKM is bigger than that of the 3-PRS PKM.
It reveals that the 3-PRS PKM is better than the 3-P
(Qu) RU PKM in the aspect of position errors.

4.4 Error sensitivity comparison

The difference between the two PKMs is the
joints. Qu joint (including four R joints) , R joint and
U joint of the 3-P (Qu) RU PKM are different from R
joint and S joint of the 3-PRS PKM. P joints of both
PKMs are totally the same. In the following discus-
sions, just the different joints are analyzed. As men-
tioned above in Section 1.2.3, the R joint of the 3-P
(Qu) RU PKM is ignored. Hence, the error sensitivity
of Qu joint (four R joints) and U joint of the 3-P
(Qu) RU PKM are compared with R joint and S joint
of the 3-PRS PKM. The simulation results of error sen-
sitivities based on the global range and 4 poses are giv-
en in Tables 1 and 2. The global range is Z =700mm,
¢=0~27 and § =0 ~ w/4. The 4 poses are Z =
700mm, ¢ =0 and § =w/6, Z =700mm, ¢ =w/2and
0=m/6, Z=700mm, ¢ =7 and § = w/6 and Z =
700mm, ¢ =37w/2 and 6 = w/6, respectively.

It is found that the biggest global position error
sensitivity values of the two PKMs are both about 0.7
and the biggest global orientation error sensitivity val-
ues of the two PKMs are both about 0.35. The global
error sensitivity of both the two PKMs keep in a similar
level. Tt reveals that the unit error of each joint of both
PKMs has a similar influence on the output error. How-

ever, the 3-P (Qu) RU PKM is worse than the 3-PRS

Table 1  Error sensitivity of 3-P (Qu) RU PKM
with different poses
Joint Global ~ Pose 1  Pose2  Pose3  Pose4
AR, 0 0 0 0 0
AR, 0.6771 0.6591 0.6506 0.7288 0.6506
AR, 0 0 0 0 0
AR, 0.0889 0.1499 0.0523 0.1034 0.0523
AR, 0 0 0 0 0
AR, 0.3840 0.4714 0.3731 0.3251 0.3731
AR, 0.0444 0.0749 0.0261 0.0517 0.0261
AR;, 0 0 0 0 0
AR, 0.1920 0.2357 0.1865 0.1625 0.1865
AR, 0 0 0 0 0
AR, 0.3385 0.3295 0.3253 0.3644 0.3253
AR, 0 0 0 0 0
AU, 0.0889 0.1499 0.0523 0.1034 0.0523
AU, 0.6771 0.6591 0.6506 0.7288 0.6506
AU, 0.3840 0.4714 0.3731 0.3251 0.3731
A i 0.3928 0.3812 0.3783 0.4215 0.3783
Ay, 0 0 0 0 0
Anp;. 0.0162 0.0342 0.0017 0.0378 0.0017
AN i 0 0 0 0 0
AN, 0 0 0 0 0
AN 0.0001  0.0002 0.0001 0.0001 0.0001
AN s 0 0.0001 0O 0.0001 O
AN,y 0 0 0 0 0
Angs;. 0.0003 0.0004 0.0003 0.0003 0.0003
AN i 0.0072 0.0099 0.0045 0.0110 0.0045
ANy, 0 0 0 0 0
Ay 0.0329 0.0314 0.0322 0.0347 0.0322

Table 2 Error sensitivity of 3-PRS PKM with different poses

Joint Global ~ Pose 1 Pose 2 Pose 3 Pose 4
AR, 0.0611 0.0982 0.0385 0.0759 0.0385
AR, 0.6712 0.667 0.6467 0.7178 0. 6467
AR, 0.3777 0.4416 0.3756 0.3411 0.3756
AS,, 0.0611 0.0982 0.0385 0.0759 0.0385
AS, 0.6712 0.667 0.6467 0.7178 0. 6467
AS,, 0.3777 0.4416 0.3756 0.3411 0.3756
An,, 0.3046  0.2995 0.2959 0.3223 0.2959
An,, 0 0 0 0 0
An,. 0.0481 0.0666 0.0303 0.0717 0.0303

PKM in the aspect of position errors based on the same
structural errors. It can be thought that bigger output
error value of the 3-P (Qu) RU PKM is caused by a
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plenty of joints. Hence, the 3-P (Qu) RU PKM con-
taining more joints is worse than the 3-PRS PKM in the
aspect of position errors. From the aspect of error sen-
sitivity, it can be seen that accuracy performance of
these two PKMs are basically on a similar level.

5 Conclusion

In this paper, a novel symmetrical 3-DOF PKM ,
named 3-P (Qu) RU, is firstly presented and investi-
gated. According to its structure feature, a double
closed loop vectors method is proposed to establish its
kinematic model, velocity transfer model and error
model. In order to show the performance of the 3-P
(Qu) RU PKM, a comparison study of numerical sim-
ulations with a 3-PRS PKM is presented. The results
reveal that this 3-P (Qu) RU PKM owns the same ki-
nematic workspace with the 3-PRS PKM. And it owns
a better isotropic motion and performs well with regard
to its force and motion transmission capability. Howev-
er, it is found that the 3-P (Qu) RU PKM has a bigger
output error value but keeps the similar level in the as-
pect of error sensitivity with the 3-PRS PKM. In gener-
al, the accuracy performance of 3-P (Qu) RU PKM is
worse than that of 3-PRS PKM.

Compare with the 3-PRS PKM which is applied in
the 5-axis hybrid machine tool successfully, it shows
that the 3-P (Qu) RU PKM has potential applications
in the field of hybrid machine tools. In order to devel-
op the 3-P (Qu) RU PKM in practice, its accuracy
performance should be improved by other further stud-
ies, including the accuracy design and kinematic cali-
bration method. This paper gives an available selection
for a tool head of a hybrid machine tool and the analy-
sis in this paper is greatly helpful for further applica-
tions of the 3-P (Qu) RU PKM.
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